ABSTRACT Precoding can effectively reduce the peak-to-average power ratio (PAPR) of the transmitted waveform but will usually degrade the bit error rate (BER) performance. In this paper, we investigate the PAPR-guaranteed BER minimization problem through precoding in uplink massive multiple input-multiple output (MIMO) systems. First, we formulate an optimization problem to minimize the BER via precoding design and derive the necessary condition of the optimal precoding matrix. Second, we discuss the BER minimization with PAPR constraint and propose a two-step distributed precoder to deal with this problem. Simulation results verify the effectiveness of the proposed precoding. Particularly, it is efficient for massive MIMO systems in terms of energy efficiency.
tone reservation (TR) [11] , active constellation extension (ACE) [12] , selected mapping (SLM) [13] and partial transmission sequence (PTS) [14] , etc. One effective method to reduce the PAPR is the precoding technique. Through precoding, the amplitudes and phases of signals on different sub-carriers can be scaled and rotated, respectively [15] [16] [17] [18] . In this way, the cross correlation among the transmitted signals can be increased and the PAPR can be reduced. An extreme case is the constant-envelope precoding, by which the PAPR of the precoded waveform equals to one [19] [20] [21] [22] [23] . However, one main drawback of the precoding based PAPR reduction methods is that the bit error rate (BER) may be increased due to the loss of orthogonality among sub-carriers. An orthogonality-aware precoding is proposed for the single antenna system, by which the designing criterion is that the product of the precoding matrix's Hermitian transpose and itself should be an identity matrix [24] . As an extension of [24] and [25] proposes a precoding matrix with all-one singular values for the single antenna system. To deal with the BER degradation problem associated with PAPR reduction in MIMO systems, several improved precoding methods are proposed for the downlink transmission [26] [27] [28] . In the downlink, the full channel state information (CSI) is available at the transmitter. Thus, the multi-user interference (MUI) cancelation can be carried out simultaneously with PAPR reduction through precoding to improve the BER. However, in the non-cooperative multi-user uplink transmission, precoding is distributively carried out by each user without knowing the CSI of the other users. As a result, BER minimization has to be distributively considered by each user. To the best of our knowledge, the precoding method for PAPR-guaranteed BER minimization has not yet been reported in uplink MIMO systems.
In this paper, we consider the distributed uplink massive MIMO system and propose a novel precoding method to minimize the BER with guaranteed PAPR performance. Specifically, we first derive a closed-form BER expression with respect to the precoding matrix and then formulate an optimization problem that minimizes the BER in uplink massive MIMO systems. Then, we solve the optimization problem and derive a necessary condition of the precoding matrix. Similar to the single antenna case, the precoding matrix should have all-one singular values. We further consider the BER minimization problem with PAPR constraint and propose a two-step method. For the proposed method, a precoding matrix is selected to satisfy the PAPR constraint at the first step, and then, its singular values are adjusted to satisfy the derived necessary condition at the second step. Simulation results verify the effectiveness of the proposed precoding and particularly show its advantage for massive MIMO systems in terms of the EE performance.
The rest of the paper is organized as follows. The system model of the uplink massive MIMO is described in Section II. Then, the necessary condition of the precoding matrix for BER minimization is derived in Section III. In Section IV, the BER minimization problem with PAPR constraint is addressed and a low-complexity sub-optimal precoding method is proposed. The effectiveness of the proposed precoding is verified by simulation results in Section V. Finally, the paper is concluded in Section VI.
Notations: The superscripts (·) T , (·) * and (·) H stand for the transpose, conjugate and the Hermitian operations, respectively. vec{·} represents the operation that stacks the columns of a matrix into a column vector. Pr{·} represents the probability. Re{·} stands for the real part of a complex number. tr{·} denotes the trace of a matrix. · stands for the norm of a vector. E{·}, var{·} and max{·} denote the expectation, variance and maximum of a sequence, respectively.
II. SYSTEM MODEL
We consider an uplink massive MIMO system with K singleantenna users and an M -antenna base station (BS), as shown in Fig.1 . Usually, it is assumed that M K , where M takes value from several tens to hundreds. The transceiver of the precoding system is shown in Fig. 2 . Since the users are noncooperative, distributed precoding is carried out by each user to reduce the PAPR respectively. For the k th user, the N -length information sequence is fed to the precoder, where x k is mapped to an L-length sequence s k by a precoding matrix
where
After the waveform modulation, the time-domain OFDM signal for the k th user with a duration of T s could be given as
where IFFF{·} represents the inverse fast Fourier Transform. The transmitted sequence is then amplified by the PA and emitted by the transmitting antenna. The PAPR of the OFDM signal for the k th user can be defined as
At the receiver, the received signal is down-converted and de-modulated. The equivalent base-band received signal vector on the l th sub-carrier could be given as
where It is assumed that the receiver has the full information of the channel as well as the precoding matrix. For the k th user, the estimate of s k,l can be obtained by a weighted summation, given asŝ
where w k,l denotes the weighting vector. If the minimum mean square error (MMSE) criterion is employed, the weighting vector could be obtained by
. The estimate of the information sequence x k is then obtained after de-precoding, given aŝ
where p k,l represents the l th row vector of P k .
III. NECESSARY CONDITION OF PRECODING DESIGN FOR BER MINIMIZATION
In this section, we derive the BER expression and formulate the optimization problem to minimize the BER. We start from the simple case when K = 1, then we extend the analysis to the general case when K ≥ 2.
Substituting (7) into (9), the estimated information sequence could be given as (since K = 1, the user index is omitted)
. It is clear that the i th bit ofx is given aŝ
where d i is the i th row of D. In (11), the term
Gaussian random variable. Its expectation and variance can be obtained as
and
Assuming the constellation size of the modulated signal is C, the signal-to-noise ratio (SNR) ofx i could be obtained as
The BER can then be obtained as
where f (SNR i ) = ber i is a function of SNR i determined by the modulation scheme. For example, if the QPSK modulation is employed, f (
2 )dx [29] . To minimize the BER, the optimization problem can be formulated as follows
where the constraint vec(P) 2 ≤ N is the transmitting power limit. Similar to the work in [25] , a Lagrange objective function is constructed to solve (16) , given as
where ξ is a positive Lagrange multiplier. It can be proved that the optimization problem in (16) is equivalent to minimize (17) for a proper ξ . Therefore, we can obtain the solution by differentiating (17) with respect to P and set the result to zero, i.e., ∂λ
Substituting (14) (15) and (17) into (18), the necessary condition of the precoding matrix for BER minimization is derived and given in (19) , as shown at the bottom of this page. Note that, the necessary condition in (19) is similar to its counterpart in the single antenna system, which is derived in [25] . Since (19) cannot be directly solved to obtain the optimal precoding matrix, in the following, we try to find a solution to (19) .
Proposition 1: The precoding matrix P with all-one singular values satisfies (19).
Proof: By the principle of the singular value decomposition (SVD), the precoding matrix can be decomposed as
where U and V are unitary matrices, containing the left and right singular vectors of P, and is a diagonal matrix containing the singular values of P. When all the singular values of P equal to 1, it is easy to see that
Given (21), the termẋ i,
Meanwhile, the term e
Substituting (22) and (23) into (19), we have
Sinceẋ i,a ∈ A, (24) can be rewritten as
Substituting (25) into (19), the denominator of the right hand side is given as
Thus, it is proved that both sides of (19) are equal.
The proof of Proposition 1 is completed. Next, we extend the proposition for K = 1 to the general case when K ≥ 2.
Proposition 2: The precoding matrix P with all-one singular values can minimize the BER in the multi-user systems.
Proof: According to (9), the i th bit of the estimated information sequencex T k can be obtained aŝ
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, and the interference plus noise
The signal-to-interference-plus-noise-ratio (SINR) can then be calculated as
Equations (26) and (27) could respectively be rewritten aŝ
Note that, no cooperation could be obtained through the distributed precoder. Therefore, the distributed precoding could not improve the BER performance without increasing the transmitting power. In other words, the minimum BER that can be achieved is the BER of the un-precoded system [24] . Next, we will prove that the precoding matrix P with all-one singular values can achieve the same BER as the un-precoded system. As we know, the un-precoded system is equivalent to the case when an identity matrix I is used as the pre-coding matrix. Replacing the precoding matrix P k in (27) by I, it is easy to see that the SINR of the un-precoded system has the same value as that in (29) . Therefore, the precoded system has the same BER as the un-precoded system.
The proof of Proposition 2 is completed. It is concluded from Propositions 1 and 2 that, the precoding matrix should have all-one singular values to minimize the BER.
IV. PRECODING DESIGN FOR BER MINIMIZATION WITH PAPR CONSTRAINT
When the PAPR constraint is considered, the precoding matrix must simultaneously satisfy the necessary condition in (19) and the PAPR requirement. Mathematically, the problem is formulated as
Directly solving (30) requires huge computational complexity. Enlightened by [25] , we propose a two-step method to deal with the problem. At the first step, a PAPR-reducing precoding matrix is selected to meet the PAPR requirement. At the second step, the singular values of the selected precoding matrix are adjusted to satisfy (19) for BER minimization.
A. MEETING THE PAPR CONSTRAINT
The PAPR in (4) is generally upper bounded by the sum of pulse shaping functions of N sub-carriers. To reduce the PAPR, pulse shaping functions of N symbols could be designed so that their peak amplitudes do not occur simultaneously within the symbol duration [24] . For the n th symbol of the k th user, a feasible way to generate the pulse shaping functions is given as
where p k (t) is the pulse generation function of the k th user. There are several commonly used pulse generation functions such as the square root of the raised cosine function and the trapezoidal function. Their roll-off factors can be adjusted to satisfy the PAPR requirement. A PAPR-reducing precoding matrix can then be generated, denoted by P T , where its (l, n) th element p k,l,n is given by
B. MEETING THE NECESSARY CONDITION FOR BER MINIMIZATION
The singular values of P T can be obtained by the SVD of P T , given as
where U P T is an L ×L unitary matrix, V P T is an N ×N unitary matrix, and P T is an L × N diagonal matrix made up of the singular values of P T . To meet the necessary condition for BER minimization, all the singular values of P T are set to one. The newly generated precoding matrix could be given as
Then, P CT will be used as the precoding matrix to minimize the BER with PAPR constraint.
V. ENERGY EFFICIENCY OF THE PRECODED MASSIVE MIMO SYSTEM
Since the EE is an important issue for PAPR-reducing techniques, in this section, we analyze the EE of a massive MIMO system with precoding. The EE is defined as
where R k and P k,total are the achievable data rate and total power consumption of the k th user, respectively. For simplicity, it is assumed that all the users are well balanced so that R k = R and P k,total = P total . To obtain η EE , R and P total will be evaluated respectively as follows.
A. EVALUATION OF R
The achievable data rate can be calculated by the Shannon's theory, given as
where B is the bandwidth of the transmitted signal and is the SNR. According to the theory of high-frequency circuits, the output signal of the PA could be formulated as
where s in is the input signal. In the radio frequency circuit, the OFDM modulated sequencex k (t) is designed as the input signal of the PA. Therefore, we have s in =x k and
. The parameter α(s in ) is the scaling factor, and n PA is the noise caused by the non-linear amplifying. The scaling factor α(s in ) is related to the input signal and the maximum output voltage u max of the PA. It could be calculated as [30] 
The non-linear amplifying noise n PA could be approximated as
Taking the non-linear amplifying noise of the PA and the noise at the receiver into consideration, the equivalent SNR could be calculated as
Then, the achievable data rate R is obtained by substituting (40) into (36).
B. EVALUATION OF P total
Generally speaking, the total power consumption consists of three parts, given as
where P PA , P ADC and P LNA denote the power consumption of the PA, the analog-to-digital converter and the low noise amplifier, respectively. Since the PA consumes most of the power consumption, P total could be approximated as
where θ ≥ 1 is a constant. For this reason, we only need to evaluate P PA , which could be obtained as
where η PA is the efficiency of the PA. It could be approximated as [31] 
Substituting (39), (43) and (44) into (42), the total power consumption is obtained as
Next, the EE can be obtained by substituting (45) and (40) into (35).
VI. SIMULATION RESULTS
Simulations are conduced with Monte Carlo method and some representative results are shown in this section. The length of the transmitted sequence is set to be N = 128 and BPSK modulation is used. The single-user scenario with K = 1 and multi-user scenario with k ≥ 2 are simulated. Note that the proposed precoding matrix is applicable to massive MIMO systems with large number of antennas. However, to obtain smooth resulting curves, the sampling size of Monte Carlo trails becomes extremely large when the ratio M K is large. For example, the BER performance of a 1 × 16 system is around 10 −8 when SNR = 6 dB, which takes 10 9 Monte Carlo trails to make the BER curve smooth. For this reason, a moderate number of antennas is used in the single-user scenario and a comparatively large number of antennas is used in the multi-user scenario. The trapezoidal function [32] is selected as the pulse generation function. Its Fourier transform is given as
where t s = T s /N and β = (L − N )/N is the roll-off factor.
A. PAPR PERFORMANCE
The PAPR performance of the proposed precoding is shown in Fig. 3 . The PAPR of the system without precoding is also shown as a reference, which is marked as w/o precoding hereafter. For comparison, the PAPR with the PAPR-reducingonly matrix P T is also presented. The roll-off factor β is set to be 0.1, 0.3, and 0.7, respectively. It can be observed that, the proposed precoded system can effectively reduce the PAPR. Actually, the proposed precoding matrix has a PAPR performance degradation compared with the PAPR-reducingonly matrix P T . However, only a slight degradation occurs when a big value of roll-off factor (e.g. when β = 0.7) is used. For small roll-off factors such as β = 0.1 and β = 0.3, the PAPR of the proposed precoding matrix is almost the same as that with P T . In the practical systems, the roll-off factor takes the value within [0.15, 0.5] and the PAPR performance of the proposed precoding will be acceptable.
B. BER PERFORMANCE
When the BER performance is considered, a sixteen-path channel model is used in simulations. I.e., the channel fading between each user and each antenna consists of sixteen paths, and the channel gain on each path follows the Rayleigh distribution with zero mean and a variance of 1/16. Firstly, the single-user scenario is simulated, where M = 4 is used. The BER performance using the proposed precoding is shown in Fig. 4 . It is observed that, the proposed precoded system has the same BER as the un-precoded system. In other words, the minimum BER can be achieved. In contrast, the BER performance with the PAPR-reducing-only precoding matrix P T is obviously worse than the un-precoded system. The reason lies in the fact that P T can not satisfy the necessary condition for BER minimization in (19) . It can be further observed that, the BER performance of the proposed precoding is not sensitive to the value of the roll-off factor. That is to say, the proposed precoding can obtain BER minimization as long as the necessary condition in (19) is satisfied. Thus, system designers can select the value of the roll-off factor according to the PAPR requirement without worrying about degrading the BER performance. Then, the multi-user scenario is considered, where M = 128 is used. In order to verify the theoretical analysis for the multi-user scenario, we calculate the SINR in (29) and compare the theoretical and simulation results, as shown in Fig. 5 . By varying the values of r = M K , we observe the SINRs of the proposed precoding method. It is shown that the theoretical results well match the simulation results. The BER performance of the precoded multi-user system is then shown in Fig. 6 , where the roll-off factor β = 0.5 is used. It is observed that, as expected, the precoded multi-user system has the same BER performance as the un-precoded system. Thus, it is verified that the proposed precoding can obtain the minimum BER.
Discussion: When the number of antennas becomes very large, the numerical calculation of SINR will be computational complex. In order to obtain an efficient performance evaluation, we derive the SINR estimation method when the number of antennas goes infinity as follows.
The weighting vector in (7) can be rewritten as
where B k,l = H l H H l + µ 2 I, and Bk ,l = B k,l − h k,l h H k,l are used for notation simplicity, recalling that µ 2 was defined as
When the number of receiving antennas M grows to infinity while the ratio M K = r is fixed, we have the limit
According to the M-P law [33] ,
where F r (x) is the empirical spectrum distribution of the random matrix H l H H l . If a unit transmitting power is allocated for each user, the SINR in (29) can be obtained by substituting (49) and (50) in to (48), given as
C. EE PERFORMANCE
The numerical results of the EE are calculated and shown in Fig. 7 , where the single-user scenario is used and the number of the receiving antennas is 1, 4, and 16. For simplicity, θ in (42) is approximated by 1. The operating point of the HPA is set by the input back-off (IBO) (dB), which is defined as
It can be observed that, in the single antenna system, the EE with the proposed precoding is worse than that without precoding. As the number of antennas increases, the EE of both systems with and without precoding increase. However, the EE of the proposed precoding increases more significantly than that without precoding. Interestingly, when the number of antennas is large, a higher EE can be obtained by the proposed precoding compared with that without precoding. The EE performance in the multi-user scenario is similar to the single-user scenario. It can be affirmed that, an EE gain over the un-precoded system can be obtained when the number of antennas is large. Therefore, the proposed precoding is highly efficient for massive MIMO systems in terms of the EE performance. According to the simulation results, it can be summarized that: 1) BER minimization with PAPR constraint can be obtained by the proposed precoding in both the singleuser and multi-user scenarios.
2) The BER of the proposed precoded system is not sensitive to the roll-off factor. 3) With a large number of antennas, the EE of the proposed precoded system outperforms the un-precoded system considering the EE performance.
VII. CONCLUSIONS
In this paper, the problem of minimizing the BER with PAPR constraint has been considered for uplink massive MIMO systems. By formulating the optimizing problem, the necessary condition of the precoding matrix for BER minimization has been derived. To satisfy the derived necessary condition, it has been proved that a matrix with all-one singular values could make a possible solution. In order to efficiently minimize the BER with PAPR constraint, we proposed a suboptimal precoding, which takes two steps to generate the precoding matrix: 1) Generating a PAPR-reducing matrix to meet the PAPR requirement. 2) Decomposing the selected precoding matrix and replacing its singular values with all ones. Simulations have been carried out to testify the proposed precoding. It has been shown that, the proposed precoding could obtain BER minimization with PAPR constraint for both the single-user and multi-user scenarios. In addition, the proposed precoded system is highly energy efficient, especially with a large number of antennas.
